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EXTREMAL LENGTH FUNCTIONS ARE 
LOG-PLURISUBHARMONIC 

HIDEKI MIYACHI 


Abstract. In this paper, we show that the extremal length functions on Te- 
ichmiiller space are log-plurisubharmonic. As a corollary, we obtain an alterna¬ 
tive proof of L.Liu and W.Su’s results on the plurisubharmonicity of extremal 
length functions. We also obtain alternative proofs of S.Krushkal’s results 
that a function defined by the Teichmiiller distance from a reference point is 
plurisubharmonic, and the Teichmiiller space is hyperconvex. To show the 
log-plurisubharmonicity, we give an explicit formula of the Levi form of the 
extremal length functions in generic case. 
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1. Introduction 

1.1. Results. A positive function 17 on a complex manifold N is said to be log- 
plurisubharmonic if log U is plurisubharmonic. Any log-plurisubharmonic function 
is plurisubharmonic (cf. 115.21) . 

Let Tg^m be the Teichmiiller space of Riemann surfaces of analytically finite type 
{g, m) with 2g — 2 -\- m > 0. One of the aims of this paper is to give the following 
theorem, which improves a result by L.Liu and W. Su in [23j . 

Theorem 1.1 (Log-plurisubharminicity). Extremal length functions on Tg^m o,re 
log-plurisubharmonic. 

Moreover, we will also observe that for generic measured foliations, the log- 
extremal length functions are real analytic strictly plurisubharmonic functions on 
Tg,m (cf. Theorem l5.3p . 
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When 3^ —3 + to = 1, Theorem 11.11 follows from the direct calculation (cf. >17.21) . 
Hence, in the discussion in the later section, we always assume that 3g — 3 + m > 2. 
We will prove Theorem 11.11 in >15.21 In fact. Theorem 11.11 is derived from a more 
stronger property of the extremal length functions than that given in Theorem ll.il 
(cf. Theorem 15.21) . However, the property in Theorem 11.11 is also important as 
we see below (cf. Corollaries 11.11 and 11.21) . To show Theorem o we will give an 
explicit formula of the Levi forms of extremal length functions in generic case. (cf. 
Theorem 15.11) . 

The following immediately follows from Theorem ll.il (cf. [T71 Colollary 2.6.9]). 

Corollary 1.1 (Log-plurisubharmonicity of positive polynomials). LetFi,--- ,F„ 
be measured foliations. For any polynomial P of n-variables with positive coeffi¬ 
cients, the function 

Tg,m 9 a; i-A P(Ex.t,^{Fi),--- ,Ext,^{Fri)) G K 
is log-plurisubharmonic. 

1.2. Teichmiiller distance is plurisubharmonic. It is known that the least 
upper semicontinuous majorant of a family of plurisubharmonic funtions is either a 
constant function +oo or plurisubharmonic (cf. Theorem 5 in [211 Chapter H, §2]). 
Kerckhoff’s formula (12.21) implies that the Teichmiiller distance c?t( a;o,-) from a 
reference point xq G Tg,m coincides with the half of the least upper semicontinuous 
majorant of the family of log-extremal length functions. Therefore, we obtain an 
alternative proof of Krushkal’s result m Corollary 3] as follows. 

Corollary 1.2 (Teichmiiller distance is plurisubharmonic). For xq G Tg,m, the 
distance function 

Tg,m 9 X !-)■ dT{xo,x) 

is plurisubharmonic. 

1.3. Convexities for Teichmiiller space. A subset K in a complex manifold N 
is said to be disk-convex in N if for any continuous mapping g: D —>■ A^, holomorphic 
in D, /(9D) C K implies /(ID) C K (cf. [26]). For e > 0 and a measured foliation 
F, we call the set of the form {x G Tg,m \ Exta;(A) < e} the e-horoball for F. From 
the maximum modulus principle for (pluri)subharmonic functions, we obtain the 
following. 

Corollary 1.3 (Disk convexity). For e > 0 and a measured foliation F, the e- 
horoball for F is disk-convex in Fg^m ■ The metric ball with respect to the Teichmiiller 
distance is also disk-convex in Tg,m. 

About the convexity of metric balls, A. Lenzhen and K. Rafi ^2l observed that 
the metric ball with respect to the Teichmiiller distance is quasi-convex. Further¬ 
more, they also showed that the extremal length function is not convex along a Te- 
ichmiiller geodesic in general. This means that the intersection between a horoball 
of extremal length and a Teichmiiller disk is simply connected, but may not be 
hyperbolically convex in general. 

A complex manifold N is said to be hyperconvex (in the sense of Stehle) if it 
admits a continuous plurisubharmonic exhaustion function p: N ^ [—oo,0) in the 
sense that {x G N \ p{x) < c} is relatively compact in M for every c < 0 (cf. [5^ . 
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See also [H])- Take two essentially complete measured foliations F and G which 
are transverse in the sense that 


(1.1) i{F,H)+i{G,H) > 0 

for all F[ G A4F — {0}. In Theorem 15.21 given later, we will check that 

'^9,^ “Ext^(F) +Ext,,(G) + 1 

is a real analytic, negative, strictly plurisubharmonic exhaustion function with lower 
bounds. Thus we obtain the following. 


Corollary 1.4 (Hyperconvexitiy). Teichmuller space is hyperconvex. 

Corollarv ll.dl is already given by Krushkal in [19]. Notice that the hyperconvexity 
of Teichmiiller space also follows from the compleness of the Caratheodory distance 
(cf. P and m)- As an immediate corollary of the hyperconvexity (or Corollary 
[121), by virtue of Oka’s theorem, we deduce the following, which is first proven by 
L.Bers and L.Ehrenpreis (see |5|. See also |7|, m. El, m)- 

Corollary 1.5 (Holomorphic convexity). Teichmuller space is a domain of holo- 
morphy. 


2. Notation 

2.1. Teichmuller space. Let be a compact orientable surface of genus g with 
TO-disks removed with 2^ — 2 + to > 0. The Teichmuller space Tg^m of Riemann 
surfaces of analytically finite type {g,m) is the set of equivalence classes of pairs 
{M,f) consisting of a Riemann surface M of analytically hnite type {g,m) and 
an orientation preserving homeomorphism /: Int(Eg „i) M. Two marked Rie¬ 
mann surfaces (Mi, /i) and (M 2 , / 2 ) are equivalent if there is a conformal mapping 
h: Ml — >■ M 2 which homotopic to /2 o ■ 

The Teichmuller space admits a canonical distance dx, which we call the Te¬ 
ichmuller distance. The Teichmuller distance is originally defined as the logarithm 
of the infimum of the maximal dilatations of quasiconformal mappings respecting 
the markings (cf. [CT §5]). S. Kerckhoff [16] gave a geometric description of the 
Teichmiiller distance via the extremal length, which we will recall in (12.21) below. 

2.2. Measured foliations. Let S be the set of homotopy classes of non-trivial 

and non-peripheral simple closed curves on Let >ViS be the set of weighted 

simple closed curves, that is, the set of formal products ta of non-negative number 
t and a G S. The closure MF oi the embedding 

9 to I—>• [iS 9 /3 t i { a , /?)] G 

is called the space of measured foliations on Tig^rn- We consider WS as a subset of 
AiF. We identify 1- a G WiS with a G S. Any measured foliation is described as a 
pair consisting of a singular foliation and a transverse measure (cf. [5] Expose 5]). 
For instance, ta G MF is a foliated annulus with core a which identified with an 
annulus [0,t] x [0, l]/(a;,0) ^ (x, 1) and a transverse measure associated to \dx\. 

It is known that the geometric intersection number i(a, fi) for a,f3 G S extends 
continuously to MF x MF (cf. [3]). 

If we fix a complete hyperbolic structure on the interior of any measured 

foliation canonically corresponds to a measured lamination. A measured lamination 
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is a pair of a geodesic lamination, which called the support, and a transverse mea¬ 
sure, where a geodesic lamination a is a compact set in the interior fo which 
consists of disjoint complete geodesics (cf. [221 §l-7])- A measured foliation is said 
to be essentially complete if the support of the corresponding measured lamination 
is maximal, that is, the complement consists of ideal triangles or ideal punctured 
monogon if {g,m) ^ (1,1); a punctured bigon otherwise (cf. [551 Definition 9.5.1, 
Propositions 9.5.2 and 9.5.4]). In the interior of ^g,rm each singularity of the as¬ 
sociated foliation of an essentially complete measured foliation is a three prong 
singularity. At any puncture, the associated foliation has a one prong singularity 
(cf. [291 Epilogue]). 

2.3. Extremal length. Let M be a Riemann surface and let A be a doubly con¬ 
nected domain on M. If ^ is conformally equivalent to a round annulus {1 < \z\ < 
i?}, we define the modulus of A by 

Mod(A) = ^logR. 

ZTT 

The extremal length of a simple closed curve a on M is defined by 

(2.1) ExtM(Q!) = inf | jyj- I curve of A C M is homotopic to a 

In [16] , Kerckhoff showed that if we define the extremal length of ta € W5 by 

ExtM(to) = t^ExtM(ck)j 

then the extremal length function ExtM on WiS extends continuously to M.T. For 
F G M.T, the extremal length function Ext.(E') on Tg^m is defined by 

Ext3,(F) = ExtM(/(E)). 

It is known that the function 


Tg^ra X MT 9 (x, F) Ext 3 ,(F) 

is continuous. Furthermore, the extremal length function Ext^,: M.T —>■ R is a 
proper function and satisfies the quasiconformal distortion property: 

Exty(F) < e2'^^(“’^)Ext^(F) 

for any F G M.F and x,y G Tg^m- 


2.4. Kerckhoff’s formula and Minsky’s inequality. The Teichmiiller distance 
dr is expressed with the extremal length, which we call Kerckhoff’s formula: 


( 2 . 2 ) 


dT{Xi,X2) 


1 Extj ,2 (a) 

- log sup —- 

2 Exta;i (a) 

i sup (log Extj;^ (a) - log Exta^i («)) 
4 ae5 


for xi,X 2 G Tg^m (see [IS]). Y. Minsky [23 observed the following inequality, which 
we recently call Minsky’s inequality: 

(2.3) i{F,G)^ < Ext,(F) Ext,(G) 


for X G Tg,m and F,G G M.F. If two measured foliation F and G are transverse in 
the sense of we have 


Ext,(F) -|-Ext,(G) > 


i{F,H)^ +i{G,H)^ 
Ext,(iJ) 
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for all H and hence we deduce 

Ext,(F) + Ext,(G) > +i(G,i/)2 | Ext.jET) = 1}. 

This implies that the function x i—>■ Ext 2 ;(F) + Exta;(G) is proper on Tg^m- 

2.5. Quadratic differentials. Let Qg,m be the space of holomorphic quadratic 
differentials with finite L^-norm. Namely, the space Qg,m is a holomorphic vector 
bundle over Tg,m and the fiber at x = (M, /) e Tg,m is the space of holomorphic 
quadratic differentials on M with finite L^-norm (cf. 92.71) . Any q G Qx extends 
meromorphically to the completion M by filling punctures and has (at most) simple 
poles at punctures. A quadratic differential q G Qg,m is said to be generic if it 
satisfies the following two conditions: 

(1) q has a simple pole at every puncture. 

(2) all zeroes of q are simple. 

We can easily check that the set of all generic holomorphic quadratic differentials 
is an open and dense subset in Qg,m- 


2.6. Hubbard-Masur differentials. For q G Qg,mi there is a unique measured 
foliation F such that 

i{F,a) = inf / |Re-yg|. 

for all a G S, where {M,f) = 7r(q) G Tg,m- We call F the vertical foliation and 
denote it by ^iq). We call h.{q) = v{—q) the horizontal foliation of q. It is known 
that for any F G M.F and x = {M,f) G Tg^m, there is a unique holomorphic 
quadratic differential qp^x such that 'v{qF,x) = F. We call qp^x the Hubbard-Masur 
differential for F on x (cf. [E]). If F is essentially complete, the Hubbard-Masur 
differential qp^x is generic for all x G Fg^m, since any Whitehead equivalent measured 
foliation to F is isotopic to F. 

The Hubbard-Masur differential = qF,x{z)dz'^ for F on x = {M,f) satisfies 

(2.4) Exta;(E) = IlgF.xll = [ \qF,x\ = [ \qF,x{z)\ ■ ^dzAdz. 

Jm J m z 


2.7. Infinitesimal theory. Teichmiiller space also has a canonical complex struc¬ 
ture, which induced from the deformation by quasiconformal mappings. A Beltrami 
differential is, by definition, an L'^-measurable (—1, l)-form. The holomorphic tan¬ 
gent space is described as the quotient of the complex Banach space of the Beltami 
differentials (cf. (Td] Theorem 7.5]). The holomorphic cotangent space is identified 
with the space of holomorphic quadratic differentials. The natural pairing between 
holomorphic tangent space and cotangent space is given by 

{v,q)= tiq= fi{z)q{z) ■ l-dz A dz 

JM JM ^ 

for U = [/t] e TxTg,m and q G TfTg,m = Qx and x = (M, /) £ Tg,m- 


Convention 1. Henceforth, for {pi,qi) forms ipi = (pi{z)dz'P'dz^' {i = 1,2) on a 
Riemann surface M with pi -f P 2 = gi + 52 = 1, we write 



/ ipi{z)ip 2 {z) ■ l-dz Adz. 
Jm Z 
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0 

I 

L.qo]^ -L.qo 

C°{U,Qm) CHU,Qm) C^{U,Qm) 

Figure 1. Double complex for the tangent spaces to Qg,m 


3. Coordinates via representations of the odd cohomology 

3.1. The tangent spaces to quadratic differentials. Following [13], we de¬ 
scribe the tangent space Tg„Qg^m as the first hypercohomolgy group a com¬ 

plex of sheaves (cf. [TT] or [E]). We will need the Kodaira-Spencer identification 
of the tangent space of Teichmiiller space with the first cohomology group of the 
sheaf of holomorphic vector fields (for instance, see [T8|. See also [14] and [15]). 

Let X and g be a holomorphic vector field and a holomorphic quadratic differen¬ 
tial on an open set of a Riemann surface M. Denote by Lxq the Lie derivative of 
q along X. Let 0 m and be the sheaves of germs of holomorphic vector fields 
with zeroes at punctures and meromorphic quadratic differentials on M with (at 
most) first order poles at punctures, respectively. Let q^ € Qg,m (qo need not to be 
generic). The tangent space Tg^Qg^m is identified with the first hypercohomology 
group of the complex of sheaves 

L*; 0 -^ 0M ^ 0 

(cf. [T^ Proposition 4.5]). For the convenience, we recall the definition of the (hrst) 
hypercohomology group which we use here. The first cochain group is the direct 
sum C°{M, (M, 0m). Consider an appropriate covering U = {Uiji on M 

such that IHI^(L*) = (see the proof of [13 Proposition 4.5]). A cochain 

in C°{U, 0m) is said to be cocycle if it satishes 

^\_Xij^i^j — Xij © Xjk © X]ii = 0, — ^Xiji^qo')- 

A coboundary is a cochain of tho form 

Xij — Zi Zj — S^Zi^i^ (jyi — I/Zi^qo^ 

for some 0-cochain {Zi}i G C^{11,Qm) (cf. Figured]). 

3.2. Branched covering space associated with generic differentials. Let 

X = (M, /) G 7^,m and q^ a generic holomorphic quadratic differential on M. 
We consider M as a pair of topological surface Sg and a complex strtucture on 
Eg — {punctures of M}. 

Let U he a contractible neighborhood of qo in Qg^m- For q G U, let Ag = 
Zero(g) U Pole(g) C Eg and Mg the underlying surface of q. Then, we have a 
homomorphism 


(3.1) 


Pg: 7ri(Eg — Ag) —>• Z/2Z C Isom(C) 
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associated to the double covering space 

77(J : Mq —>■ Mq 

of Riemann surface of ^ over T,g — Aq, where Z/2Z in (13.11) is recognized as a 
subgroup of the isometry group Isom(C) of C with the standard Euclidean metric 
generated by the 7r-rotation. The square root yfq lifts to a well-dehned holomorphic 
1- form ujq on Mq. 

Let W = Tig — AqQ and W be a compact subsurface of W with smooth boundary 
such that the inclusion W' ^ Wg is homotopy equivalent and the complement 
Tg — W' is a union of tiny open jgol-disks of centers in Aq By taking sufficiently 
small U if necessary, we may assume that Aq cTg — W' for any q G U. Hence, by 
passing the inclusions W ^ W and W ^ Tg—Aq, we get a canonical identification 
between 'Ki{W) and 7ri(Eg — Aq) so that pq = po a,s a homomorphism from 7ri(lT) 
to Z/2Z for all q G U. 


3.3. Backgrounds. Let qo G Qg,m be a generic differential on Mqg. Take a neigh¬ 
borhood U of qo as the previous section. Then, M = Uq^uMq is a holomorphic 
family of closed Riemann surfaces over {7, and the arrangement of the covering 
transformation Vq: Mq —>■ Mq defines the holomorphic automorphism r of M of 
order 2. Taking a sufficiently small U if necessary, we may assume that there is a 
covering {Vi}i of M such that 

(1) each Vi admits a biholomorphic mapping Ai onto the product domain ID) x [/ 
such that its restriction to Vi^q = ViDMq is a biholomorphism onto D x {q} 
for each q G U, 

(2) for any finite ii,--- ,ik and q G U, the intersection Vq,q D ••• D Vif.^q is 
connected and simply connected, 

(3) eacn Vi^q contains at most one branch point of Mq —^ Mq and any branch 

point of Mq —>■ Mq is contained in at most one open set in and 

(4) the covering {Vi}i is equivariant under r in the sense that {r(Vi)}i = {Vi}i 
and Aj or = Ai when r(Vi) = Vj. 

Set D = {X = s + it \ |s|, \t\ < (5o}. Let {gAlAeu be a differentiable family of 
holomorphic quadratic differenitals with qo = qo and qx G U ior X G D. For any 
X G D, we let ai(A): -)► D by ai{X) = Ai and set Vx-ij = 

Vj^q^), and aij{X) = aj{X) o ai{X)~^: Vx-,ji Vx-ij- For simplicity, set ai = ao-,i, 
ctij = ctQ-jj and Vij = Vo-jj- Consider the image of aj is in the Zj-plane. 

Let qx-jdzf be the representation of iT^q),)*iqx) under the coordinate ai{X). Let 


(3.2) ^x■,^ 

on D for all i and set 


dqx-i 
dX ’ 


V _ dai{X) _ 




dX 


(Zi), 


where Zj = aij{X){zi) and Zi G Vx-jj (tildes mean objects (differentials or vector 
helds etc.) on the covering space Mqg which obtained as lifts of objects on Mqg). 
Then, 

XxAzi) — , Xx-^j{zg) — 
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are vector fields on appropriate sets of Mq^. Set qi = qo-i and 4>i = Notice 
that 

(3.3) aij{X)^{X\.i) — X\.j = Xx-ij, 


(3.4) aij{X) (^A;i) _ (gAy) 

on VA;ij. We abbreviate these equations to 

(3.5) Xx-i ^X;j ~ ^A;z ^X;j — ^' 

for instance. Notice again that = {'n'q^)*{qx) for all X £ D. 

Notice that for any cocycle {Xij}ij £ C^{M, &m), we can always find a 0-cochain 
{Xi}i of the sheaf of (7°“-vector fields which satisfies Xi — Xj = Xij on Ui H Uj 
applying a partition of unity. Then, from (13.211 . the z-derivative 

(3.6) ;> = -(X,)- 

defines a Beltrami differential on M which represents the infinitesimal deformation 
corresponding to the tangent vector associated to the cohomology class of {Xij}ij 
in H^{M, 0m). Compare with Equation (7.27) in [TTl §7.2.4]. 


3.4. Local coordinates via homomorphisms. Let Hi{Mq) is the odd part of 
the homology of Xlq with coefficient in Z. Namely, Hi {Mq)~ is the the eigen space of 
the eigen value —1 of the linear automorphism (r^)* on the first cohomology group 
of Mq defined by the covering transformation r,. In [4], Douady and Hubbard 
consider the following mapping 

(3.7) DH: C/9 eHom(i7i(M,J-,C) 


defined by 



LOq 


where we identify Hi{Mqq)~ = Hi{Mq)~ in a canonical way as discussed in H3.2I 
Notice that Hom(i7i (M^g )“, C) is a C- vector space of complex dimension 6g — 6 -I- 
2m. We shall check the following. 


Lemma 3.1 (Differential of DH). Let qo £ Qg^m be a generic differential. Let 
V £ Tqg Qg^m he a tangent vector associated to a 1-coehain ({(/)i}i, {Tfy }ij). Let 
{Xi}i be a 0-coehain of the sheaf of -vector fields on Xq^. Then, the derivative 
of the mapping dSH) along v satisfies 

(3.8) DH4u](c)=^$ 

for all c £ Hi{Mqq)~, where 

^ -^^90^* “ W 9 o(^i)^ j dz - UJqq{Xi)^dz 

on Vi,o • 

One can easily check that $ in Lemma 13.11 is a well-defined closed one-form on 
Mgq which satisfies (rqo)*($) = —4). 
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Proof. We calculate the A-derivative at A = 0 with the notation in ^3.31 Notice 
that 

ai{X) o a~^{zi) = Zi- \Xi{zi) - \Yi(zi) + o(|A|) 

qx-Azi) = qi{zi) + XAizi) + Xtpi{zi) + o(|A|) 


on D = ai{Vifi) as A —0, where 


= - 


dai{X) 


dX 


o a. 


A=0 


7 dqx-i 

*-=-gT 


A=0 


and the convergence is valid uniformly on any compact sets of D. In our case, 
A-derivative of I? 9 A i—>■ DH(gA)(c) at A = 0 will be the desired formula. 

Notice that the partial A- derivative of wa at A = 0 is 


dujx 

dX 


2w„ 


A=0 ^^10 

on D = Notice also in general that the derivative of a function defined by 

the integration 

nb(s) 


( —5, (5) 9 S I— >• / f{s,x)d: 

J a{s) 


at s = 0 is equal to 

rKO) Qj; 


^(0) 


(0,x)da: -f /(O, 6(0))^(0) - /(O, a(0))^(0). 


Hence, by the standard argument, like as the discussion in Proposition 1 of [4], one 
can check the equations (13.811 hold. □ 


Though the following is well-known (cf. [34], [35], m), we confirm for the 
following for the completeness. Indeed, the calculation in the following proof will 
be a guide in the later discussion. 

Lemma 3.2 (DH defines a local coordinate). Let qo G Qg,m be as above. When 
we take the above neighborhood U of qo to be sufficiently small, the mapping dSI]) 
defines a holomorphic local coordinate around qo. 


Proof. Let v G Tq^Qg^m be a tangent vector which is represented by the I cocycle 
in Ct°{Vo,Llf^^J © C'i(Vo,0M,o), where Vo = {{7rgo(Vi,o)}*}i is a 
covering of Mqg (cf. (13.41) 1. 

Suppose that DH*[u] = 0. Let $ be a closed one form defined in Lemma ITT] 
Since (ro)*(<i)) = —4), 



for all c G Hi{MqgA , where Hi{MqgA is the even part of the homology of Mg 
with coefficient in Z. Hence, there is a smooth function / on Mq^ such that df = ^ 
from de Rham’s theorem. Namely, 

~^qo ' = f-z 
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hold on D = ai{Vi^o), where (pi and Xi are lifts of (pi and Xi to Mq^, respectively. 
Since {(Vi,A) cii(^))}i is a system of holomorphic local coordinates on Mq^ for each 
A G D, v = —(Xi)^ defines a Beltrami differential on Mq^ which descends to a Bel¬ 
trami differential /i on Mq^. Notice that for any holomorphic quadratic differential 
(fi on Mqg, the quotient (TCqo)*{‘p)/^qo is a holomorphic 1-form on Mqg and 


/ [ V- (7r,J*(^) = ^ / /- 

JMan ^ JMan ^ 


1 
2 

1 
2 






'Ma. 


'Ma, 


Ko)*(</5)W 


d fiz)- 


^qo 


(z) 


dz ] =0. 


Hence, /i is an infinitesimally trivial Beltrami differenital on Mqg by Teichmiiller 
lemma (cf. Lemma 7.6 of [2]). This means that the cohomology class 

G i7i(Vo,0M,J = H\Mqg,eMj 

is trivial from (13.51) since Vq is a Leray covering (see also Theorem 3.5 of [ISj!. 
Therefore, there is a 0-cochain {Zi}i G C°(Vo,i, ) such that Zi — Zj = Xij for 
all i, j. 

Let Ci = LzMo) S r(Voy,H^^ ) and (i = Then, 


Ci 0 — Tjif (Wg ) 


and hence {pi — defines a holomorphic quadratic differential (p on Mqg which 
descends to a holomorphic quadratic differential ip on Mqg associated to {pi — Ci}i- 
Since Xi — Zi = Xj — Zj on Vi^ fl Vj^, {Xi — Zi}i defines a vector field W on Mqg 
which satisfies 

+ ^qo ' {Yti)z)dz + ujqg ■ {Xp-^dz -^ —— 

ZUJqg 

~ (i^qoY (Yii — Zi) + Ulqg ■ (Xi — Zi)z'j dz -f LOqg ■ (Xi — Zi)Y(tz 

= d(ujqg ■ W) 


since each Zi is a holomorphic section. Consequently, we deduce from the assump¬ 
tion that 


(3.9) 0 



LzMoA 

2Wgo j 




V 

2ujqg 


for all c G Hi(Mqg), and hence p = 0 and ip = 0. Therefore pi = Q and 
{{4’i}ij {^ij}i,j) = i{diZi(qo)}i-: {Zi — Zj}ij). 

Thus, the cohomology class of the cochain ({pi}i, {Xijjij) vanishes. 

As a consequence, the derivative of the map DH on the tangent space TqgQg^m — 
]HI^(L*) is injective. Since the dimensions of Qg,m and llom(Hi(Mqg)~,C) are same, 
the derivative of DH is an isomorphism from Tqg Qg,m onto Hom(i7i (Xlqg )“, C). □ 
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3.5. Homomorphisms on slices. For F € AiF — {0}. we define a slice 

E'’{F) = {q&Q,^m\A<l)=F}. 

for F in Qg^m- Hubbard and Masur showed that the restriction of the projection 

F'^iF) 9 q ^ 7 r( 9 ) e rg,m 

is a homeomorphism ([131 §2])- The following two lemmas are well-known (cf. [CT 
Lemma 4.3] and [2^ Proposition 1]. See also | 6 ]). 

Lemma 3.3. Let qo € Qg,m be a generic differential. When we take U sufficiently 
small, 

£;"(v(go)) nu = {qe Qg,m \ Re(DH(( 7 )) = Re(DH(go))} 

holds. 

Lemma 3.4. Let Xq € Tg^m o,nd F G M.T. If qF,xo *5 generic, then the map 

Fg^rn 3 X I )■ qF,x ^ Qg,m 

is real analytic around xq. 


4. Family of quadratic differentials with prescribed vertical 

FOLIATION 


Fix F G M.T. Consider a family {(^aIagd of holomorphic quadratic differentials 
such that v(( 3 'a) = F. Suppose that qg is generic and xx = F^qx) G Tg^m varies 
holomorphically. Then, the family {qx}\GD is a real analytic family of quadratic 
differentials (cf. Lemma [3^ . Take a neighborhood U of qo as the previous sections. 


4.1. Differential via the complex conjugate. We first notice a simple obser¬ 
vation. Let n: F —>■ M be a holomorphic vector bundle. Let g: ID) —>■ M be a 
holomorphic mapping and G: D —>■ £1 be a mapping such that tt o G = 5 on ID). 
Then, 



since g is holomorphic. Hence, 


(4.1) 


G, 



G Ker( 7 r*) ^ Fg,^x) 
A 


for all A G D. 


Lemma 4.1 (First derivatives). Let {( 7 a}agd be the family of holomorphic qua¬ 
dratic differentials defined as above. Let rjx be a holomorphic quadratic differential 
on Xq,^ such that the infinitesimal Bertrami differential fi associated to the tangent 
vector for the X-derivative of the mapping 


D 9 A I—>■ F{qx) G Fg^r, 


at A satisfies 


f f 

JMa, 




llAl 




for all holomorphic quadratic differential ip on Mq^. Then, 


dXgxjc) 

dX 


iT^qx)*iVx)\ dXqxic) 


OJn 


dX 


{T^qx)*iVx) 


UJo 


for any c G Hi{Mqf) and X G D. 
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Proof. The existence and the uniqueness of rjx follows from an argumant by David 
Dumas [3 Theorem 5.3] since each q\ is generic. Indeed, the pairing 





kA| 


is a positive definite hermitian inner product on the space of holomorphic quadratic 
differentials on Mq^. Notice that 

dXq^c) f 

dX Jc 


for any c € and X £ D. It suffices to show the case where A = 0 and 

c € Hi{Mqq)~. As we discussed around (14.11) . from Lemma ITT] and the proof of 
Lemma [321 there is a holomorphic quadratic differential (p on Xq„ such that 

9XqAc) ^ f {T^qoYip) 
dX Jc ^qo 

for any c G Hi{Mqg)~ (see (13.91) '). Since the vertical foliation |Re(w 5 ;^)| of ujq^ is 
unchanged on D, for all c G Hi{Mqg)~, the real part of Xqx (c) is a constant function 
on D by Lemma 1521 Therefore, 


9Xqx{c) ^ dXqxjc) 

dX dX 

on D. Let {Xij}i,j) be the cocycle representing the tangent vector associated 

to the A-derivative of the mapping D 9 A i-O gv at A = 0. Let {Xi}i be a 0-cochain 
of the sheaf of C°°-vector fields with Xi — Xj = Xij. Then, 


XI = 


2u^qo ' 


^qoi^i)^ I {^qo{^i)z)dz 


on Ui defines a closed 1-form on Mq^ satisfies 

dXqx (c) 


= / n 


dX 

for all c G Hi{Mqg). Therefore, there is a C°°-function / on Mq^ such that 


n = - 


Ko)*(y^)(^) 

^qoi^) 


dz + df, 


that is, 

(4.2) 

(4.3) 


9 ^ 90 ^® ^qo{J^i)z — fz 


^qoi^i)z — 


Uqo)*(<P)(^) 


^qo 


(^) 


+ /z 


on Vi^o- From (14.3L the lift {TTqg)*{p) of /i = —(Xi)^ satisfies 
(4.4) (nqqnp) = - 


(TTqo )*(</=) , h 


Wo 


Wo 
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on Mg^. Let ^ be a holomorphic quadratic difFerenital on . From (|4.4p 


Ko)*(A)(7r9o)*(V') = - 


'M„, 


/. 

Jm„ 


'90 




Wo 


Wo 


Wo 

Iw, 


{T^qo)*i‘P) , 


qo \ 


JMqg ^qo 

rw+ [ 

JMnr. 


.i.'^qoYi'^) 




\^q 


’T^qoYiY) 


By descending to Mq ^, we have 


/m,. 1*1 






M,„ 1901 


for all ill. Therefore, ip = —rjo from El Theorem 5.3] again. 


□ 


4.2. Laplacian of homomorphisms. This section is devoted to calculating the 
Laplacian of Douady-Hubbard map ()3.7D . The author must confess that for the 
proof of the plurisubharmonicity of extremal length funcitons, we need the equation 
611) rather than the formula (14.51) in the following lemma. However, we give the 
following lemma for its own interests. 

Lemma 4.2 (Laplacian). Under the assumption in Lemma m we have 


(4.5) 


Y^iXqxY)) 


dXdX 


= —4ilm 


l(7''go)*(»7o)P 0-c 


A=0 




^qo I 


^qo 


for c G Hi{Mqg), where Oc = o'c{z)dz is the holomorphic part of the reproducing 
harmonic differential associated to c. 

Proof. When the homology class c is in the even homology group, Xgx (c) = 0. The 
integrand of the right-hand side of 6-'^P satisfies 


liT^qoYMl^ CTc 


“'go I 


“'go 


IKo)*(??o)P CTc 


IKo)*(%)P CTc 


^go I 


^go 


“'go I 


“'go 


and hence, the integral over Mq^ vanishes. This means that ()4.5() holds for homology 
classes in the even homology group. 

By applying the same argument as that of Lemma 13.11 one obtain 


Xqx(c) 


dXdX 


= fin 


A=0 


for any c S Hi{Mqg), where fto is a closed differential of the form 


Vo 


and 




9 f (T^qxYiVx) 


qx) 

LUa 


\=0 
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Since the real part of the function D 9 A i-A Xqx (c) is constant and the Laplacian 
is the real operator, 


rio = 


d'^ Xqdc) 


dXdX 


A=0 


9“^ XqxY) 


dXdX 

x=o 


= — ( fto] — — XIq 


for all c £ Hi{Mqg). Hence, there is a C'°°-function / on Mq^ such that 

Hg = —flo + df. 

Namely, we have 

^ , fiT^qo)*{Vo) 


Vo 


“'go 


(X.) 


^qo 


ix,h = - 


Ko)*(»7o) 




{X,h+fz 


{T^qo)*iVo) 


(7^9o)*(A) + /^, 


where /i = is the infinitesimal Beltrami differential representing the tangent 

vector of the mapping D 9i—>■ '^{qx) at A = 0 (cf. (|3.6l) 'l. Applying the above 
equation, we also obtain 


Hn — 


i'^qoYi.Vo) 


^go 


Ko)*(A) + /^ dz- 


YqoYiVo) 


^go 


{TTq„)*{lj)dz 


(4.6) 


Ko)*(^o) 


UJo 


{-Kqq)*{ij)dz- 


Ko)*(%) 


LOn 


iXqo)*{Y)dz 




Let (t(c) = (7c{z)dz + ac{z)dz be the reproducing harmonic differential on Mqg 
associated to c G Hi{Mqg), where ac{z)dz is a holomorphic 1-form on Mqg (we call 
this holomorphic 1-form the holomorphic part of cr(c)). Namely, the differential 
(t(c) is a unique harmonic differential on Mqg which satisfies 


f oj = f oj A *a{c) 
Jc JMa, 


for all closed 1-form uj on Mqg. Then, by applying the orthogonal decomposition 
theorem for the space of L^-closed forms, we have 


XqYc) 


dXdX 


= / Hn = 


A=0 




Ho A *cr(c) 




'Ma, 




A *{ac{z)dz + ac{z)dz) 


Y^qpYYvo), . Ko)*(?7o) 


-Ko)*(m) dz- 


{-^qoTilYdiz 


(7r,J*(/i)cfz 


^go 


^go 


= —4i Im 


A {—iacdz + iacdz) 
Ko)*(^o) 


{TTqg)* {fl)ac. 




^go 
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Now, we suppose that the homology class c is in Hi{Mqg) . Since (i’o)*(c) = 
—c, rQcr(c) = —(7(c). This means that a(c) has zeroes at each branch points of 
TTqg : Mqq Mq„ and the holomorphic quadratic differential 


Ko)*(^o) 
-cr, 

^90 


Ko)*(t?o)(z) 

UJqo (z) 


(7c{z)dz^ 


descends to a holomorphic quadratic differential on Mq^. Therefore, we obtain from 
the definition of 770 that 


(4.7) 


Xqx{c) 


dXdX 


A=0 


—4i Im J 

f Ko)*(^o) i-^qoyiVo) 

Mqg ^qo 1^90 P 

— 4i J 

f IKo)*(%)P 

Mqg 1^90 P ^90 


(cf. Lemma [4. II) . This is what we wanted. 


□ 


5. Levi forms and Plurisubharmonicity of subspecies 


5.1. Levi forms of extremal length functions. For a real-valured C^-function 
f/ on a complex manifold N, the Levi form of U is an hermitian inner product on 
the holomorphic tangent bundle TN oi N defined as 

r(rT\\ -] — 

ij = l 


for V = Y^=i Vi{d/dzi) € TN. Let p € N and v € TpN. Let F: M ^ N he a 
holomorphic mapping with /(O) = p and /*(9/5A |a=o) = v, then 


C{U)[v,v] 


d\UoJ) 

dXdX 


Theorem 5.1 (Levi forms). Let xq = (Mo,/o) G Tg^m and v = [p] G TxgTg,m- 
Let F G A4F. Suppose that the Hubbard-Masur differential qo = qp.xo generic. 
Then, the extremal length function is real analytic around xq, and the Levi form of 
the extremal length function Tg^m 9 x 1 —>• Extx(T’) at xq satisfies 


£(Ext.(F))[n,i7] = 2 / ^ 

Jmo I9o| 


where rjv is a unique holomorphic quadratic differential on Mq = Mq^ satisfying 
that 


{v,ip) 



for all f) G Qxo 


Remark 5.1. In we will discuss a geometric interpretation of the anti-complex 
linear map 

TxqTg ,m B V Py G Qxo- 

Proof of Theorem 15.11 We continue to use the symbols defined in the previous sec¬ 
tions. Let g = dg — 2 + m {> 2) he the genus of Mq^. Let {afc,/3fc}f=i be a 
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symplectic generator of Hi(Mqg). Let x\ = '!T{qx) for instance. By the bilinear 
relation, we have 


Exta,^(F) 



1 

4 





I ^ i'^k)Xgx iPk) - Xqx {Pk)Xqx (^fe)) 

^ k=l 


for A G D (cf. [HI Corollary in §111.2.3]). From Lemmas 13.21 and IHIHI XqF,x{^k) and 
Xqp ^ iPk) are real analytic around xq for each k, and hence so is the extremal length 
function. From Lemma 14.21 we have 




^ (xqxici)Xqxic2)j 


dXdX 

d'^Xqxici) 


A=0 


dXdX 


X9o(c 2) +Xgo(ci) 


d^Xqx{c2) 


x=o 


9Xqx{ci) 


dX 


d^Xqxici) 


dXqx (C2) 


A=0 


dX 


+ 


dXdX 
dXqxici) 


A=0 


A=0 


dX 


dXqx{c2) 


A=0 


dX 


A=0 


dXdX 


Xgo(c2) +Xgo(ci) 


d‘^Xqxic2) 


x=o 


dXdX 


A=0 


5Xg>(ci) 

^Xqxic2) 

1 dXqxid) 

dXqxiC2) 

dX 

A=0 

A=0 

A=0 


A=0 


for ci,C 2 G Hi{Mqg), since the real part of Xqxi'^) ^ constant for all c G Hi{Mqq) 
by Lemma [3?3l Notice that the sum of the last two terms of above calculation is a 
real number. Therefore, we obtain 


^2 


dXdX 


= (xgx(afc)Xgx(/3fc) - Xqx{Pk)Xqx 


A=0 


— I ^0 / ^qo T / ^0 / ^go / ^0 / ^qo / ^0 / Wgo 

Jok J Pk J Pk •! oik •! Pk Joik Joik J Pk 


— I ^0 / ^go / ^0 / ^go “f / ^0 / ^qo I ^0 / ^go 

J oik J Pk J Pk -k oik J Pk J oik J oik J Pk 


where AIq is a closed form defined as (HU). Since u}qq is a holomorphic differential, 
*ujqq and are harmonic differentials and they are perpendicular to the exact 
and co-exact differentials in the L^-hmei product of differential forms (cf. [HI §11.3]). 
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From (ITO . we obtain 


92 


OAOX 


x=o 


= -y 

4 

i ^ 

+ iE 


I r^o / ^qo I ^0 / ^qq 

' otk 0k 0k OLk 

^0 / *^00 / ^0 / 


fc=l 


0k ^k 


'Ma. 


= Re 


{-^qoTiVv) 


' ^k 0k 


r^O A UJq 


IM, 


<10 


fMq^^ ^qo 


= 2Re / 77 ^/i = 2 


Ko)*(/i)w, 

b' 


qoy xrj'^qo 
2 


/M„, 


'Mo 


kol 


from the definition of the differential rjy (cf. [H Proposition III.2.3]). This implies 
what we wanted. □ 


From Theorem 15.11 we deduce the following inequality. 

Corollary 5.1 (Gradients and Levi forms). Let xq = (Mo,/o) S Tg^m and v = 
[/i] € TxgTg^m- Let F € A4F. Suppose that qo = qF,xo generic. Then, 

2 |(Ext.(F)),[i;]|^ < ExGo(E) • £(Ext.(F))[i;,F] 

holds. 


Proof. It follows from Gardiner’s formula that 


(5.1) (Ext.(E))*[i;] = - / ij,qo = -f -^qo- 

Jmo Jmq I9o| 

See [21 §11.8] (See also 1 17.IE Notice in comparing the Gardiner’s original formula 
with (EH) that our differential go = qF,xo has F as the vertical foliation, while 
Gardiner considers the quadratic differential with horizontal foliation F. Hence, 
we have to put the minus sign in EH- From Cauchy-Schwarz inequality, one can 
see from Theorem 15.11 that 

Exta;o(-F)'C(Ext.(F))[u,?7] - 2 |(Ext.(E))*[u]|^ 


= Ext^^o [F)-2 [ 

J Mo 


kol 


= 2 



\Vv? 

kol 




iv qo 
kok/2 kok/2 


> 0 , 


which implies what we wanted. □ 

5.2. Plurisubharmonicity for subspecies. Let iV be a complex manifold. A 
function U on is said to be plurisubharmonic if U is upper semi-continuous, and 
t/ o / is subharmonic for all holomorphic mapping /: D —>■ A. A C^-function on A 
is plurisubharmonic if the Levi form is positive semi-definite. We call a C^-function 
strictly plurisubharmonic if the Levi form is positive-definite. When a function U 
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is plurisubharmonic, so is 5 o for any increasing convex function g on M such that 
the limit limt_>_oo git) exists. 

In the proof of the following theorem, we remind that if U{z) is a real-valued 
positive C^-function on a domain on C, logC/ and —IjU satisfy 


(5.2) 

(logC/) 

(5.3) 

(-^) 


AA 


AA 


U-Uxx-WA'^ 

U-U^-^-2\Ux? 

C/3 


Especially, for a positive C^-function U on a complex manifold, if — 1/C/ is plurisub- 
harminic, log C/ and U are also plurisubharmonic. From (15.2p and (j5.3p . Theorem 
o follows from the following theorem. 


Theorem 5.2 (Plurisuperharmonicity of reciprocals). Let Fi,F 2 ,--- ,Fn be mea¬ 
sured foliations. Let Ofc, c > 0 (fc = 1, • • • , n) with X]fc=i Q-fe > 0. If n> 2, Ofc, c > 0 
{k = I,-- - ,n) and some two of them are transverse in the sense of (11.11) . the 
function 


p{x) 


1 

c + Sfc=i«fcExt3,(Efc) 


is a negative, plurisubharmonic exhaustion function of Fg,m with lower bound. 
When n > 1 or c > Q, p is a negative, plurisubharmonic function on Fg,m with 
lower bound. 


Proof. We only show the case n = 2. The other case can be treated in the same way. 
Furthermore, we may also assume that each Fk are essentially complete, and Fi and 
F 2 are transverse in the sense of (HI). The general case follows from a standard 
approximating procedure (cf. [T7l Theorem 2.6.1], [2T1 Theorem 2 in Chapter II] 
or [301 3.3 in Chapter II]). Under the assumption, each extremal length function 
7/,m 9 a; !—?► Exta;(Efe) is real analytic. 

Let X = (M,/) G 7/,m and v G TxgFg^m- Let /i: D —?► 7/,m be a holomorphic 
mapping with h(0) = xo and h„iid/dX) 1a=o) = v- Set E^iX) = Ext^x-^iFi), 
E^iX) = Ext^(;),)(^ 2 ) and E = aiE^ + a 2 E^ for simplicity. 

Then, the Levi form of p is 


^-^aaIa=o 


(c + e;(o))3 


mE^x\x=o-^\E^\x=o\^ 

(c + U(0))3 


C{p)[v,v] 
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Therefore, we conclude from Corollary 15.11 that 

m £aaL.„ - 2| EaIa=„ f 

= “? (b‘(o) e;aL.„ - 2i e;l.o p)+“ i (e*(o) - 2i esIx.„ p) 

+ nia2 (s^(0) + ^aaIa-o (^aIa=o ^aIa=o)) 

> <..<.2 (e‘(0) £1aIa.„ - 4 |b;Ia=.I I EaIa=„|) 

><..<.2(E‘(O)B“AlA=0+®“(“)'^iAlA.0 
= <..<.2 (e‘(0)''“ (EaaIa.o)''“ - (^aaIa-o)"')' S » 

and hence 

r( U 77 l > ‘^-^aaIa=o ^ aj/:(Ext.(fi))[z;,^] + ai£(Ext.(F 2 ))[v,v] 

^ “(c+£;(0))3 ^ (c+aiExt3;o(Fi) + a2Exta;o(E2))3 

when a + 6 > 0, c > 0. Indeed, since qp^x is generic, the anti-complex linear map 

'^xoTg^rn 3 ^ ' ^ € Qxq 

is an isomorphism. Therefore, p is (real analytic) strictly plurisubharmoiric on 7^,m- 
From the defiirition, p satisfies that p{x) < 0 for a: € 7^,m- Since Fi and F 2 are 
transverse, for any e > 0, there is a compact set K C 7^,m such that p > —e for 
all X G Tg,m — K (cf. ^2.41) . Since p{x) > —1/a for all a; G 7/,m, the function p{x) 
satisfies the desired condition. □ 

We also obtain the followiirg comparizon. 

Theorem 5.3 (Gradients and Levi forms for log-extremal length functions). For 
any measured foliation F, 

d log Ext. (F) A log Ext. (F) < -5-—dd= Ext.(F) < dd‘=logExt.(F) 

2Ext.(F) 

holds in the sense of currents, where d = d + d and d^ = i{d — d). Especially, the 
log-extremal length function log Ext. (F) is a real analytic strictly plurisubharmonic 
function on Tg^m, when F is essentially complete. 

Proof. By approximation, we may assume that F is essentially complete. Then, 
the inequalities follow from the combinations of (15.21) and Corollarv l5.ll □ 

6. Gemetric interpretation of ?7„ 

6.1. Motivation. Let xq = (Mo,/o) G Tg,m- Suppose qo = qF,xo is generic. Let 
V = [p] G TxgFg^m- We defined the quadratic differential py G Qg,m to satisfy 

( 6 . 1 ) {v,iIj) = f ^'0 

JMo Idol 

for all 0 G Qg,m in Lemma 14.11 and Theorem EH The definition of pv implies 
as if the infinitesimal Beltrami differential p were infinitesimally equivalent to the 
“infinitesimal deformation” along ^/|go| on Mqg (cf. [2]). However, 7 ^/1go| is not 
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horizontal 



Figure 2. A schematic of the map Jxq- 


a Beltrami differential in general, becauce it may have l/jzl-singularities at zeroes 
of go and hence it could happen ||%/|go|||oo = oo. Therefore, the above discussion 
does not interpret correctly the geometry of the anti-complex linear map 

( 6 . 2 ) Tx^Tg^rn 3 ^ 'Hv ^ Qxo 

in general. In this section, we shall try to give a geometric description of the 
correspondence (|6.2I1 . 

6.2. Geometric interpretation. From [SI Theorem 5.8] and (TU], the map 

(6.3) 3 g (h(g),v(g)) G AIJ" X 

is a real analytic diffeomorphism around go. Hence, the map 

(6.4) jr; 7^,m ^ 'Tg^ra 3 (x, y') I ^ Qh{qF^x),y ^ ^ 5 ,^ 

is also a real analytic diffeomorphism on a neighborhood Ni x Ni of (xo, xo) onto the 
image, where Ni is a neighborhood of xo = 7r(go) G 7^,m. Notice that h{J{x,y)) = 
h(gF,x), J{x,y) G Qy and J{x,x) = qF,x for all x,y G Ni. Let Jy{x) = J{x,y) 
for (x, 2 /) G iVi X (Figure 1^. 

Theorem 6.1 (Geometric interpretation). For v G TxgTg^m, we have 

{Jxo)*[v] = -^Vv, 
where riy G Qxo taken as en). 

Proof. Consider the triangulation and the train track Tqg on Mq for the hor¬ 
izontal foliation |Im(^/g)| of g (cf. [H Theorem 5.8]). We may assume that Ag 
contains no horizontal edge (cf. jS] Lemma 5.7]). Consider the lifts Ag and Tq of 
Aq and Tq to Mq, respectivey. We orient each edge of A^ so that Im(a;g) is positive 
along the edge. Each branch b of fq intersects a unique edge et, of Aq. We orient 
b so that b ■ et = -1-1, where • means the algebraic intersection number. By taking 
U sufficiently small, we may also assume that the marking Mqg —Mq induces 
isomorphisms from A^^ and Tqg to A, and fg, respectively. 
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From [HI Theorem 5.8], the tangential map of the map h: —>• j\4J' of the 

horizontal foliations satisfies 

(6.5) Im f = uJTh iKii’i ), h*(i/; 2 )) 

for iPit4’2 G TqgQxg = Qxq, where urh (■, Or ^^e Thurston’s symplectic form 
on W{Tqg), where W{Tqg) is the space of real valued functions on the branches of 
Tqg satisfying the switch condition. It is known that the space W(rqg ) is identified 
with the tangent space of MJ- at h((7o) since Tq„ is maximal (cf. [29l §3.2]). 

From the definition, |Im(wqp^)| is the lift of the horizontal foliation of to 
Mqp ^. By the definition of the orientation of edges of Aqg , the image of the map 
Ni 5 X h(gF,x) S at x is identified with Wx S W{Tqg) which is defined by 


«^x(6) = / |Im(wqp,„)| = / Im(w,y^). 

Jh Jb 

From Lemmas o and HU the image of ?; € TxgTg^m under the differential of the 
map 9 a; I—>■ Im(yqp ^) is identified with the homomorphism 


(6.6) K : i^l {Mqg ) 9 c -2Im [ e R. 

J C ^QO 

Indeed, when {^aIa G D is taken as Lemma im ()6.6p is derived from 
'9Im(xgAc)) ^ _ . ( dxq^ (c) 

dt \ dX dX J 




^q\ 


^q\ 


= — 2Im 


{-^qxyivx) 


^q\ 


where X = t + is, since the real part of Xq\ is constant on D. 

Let p: fqg Tqg be the induced covering. For a weight w € W^Tqg), we define 
Cw & Hi{Mqg,R)~ as the homology class of a cycle 


w{p{b))b. 

6:branches of Tqg 


Then, 


WxiCni) = y^w{p{b))wxib) 


VviCw) = -2Im f = -2 Wry(p(&))Im 

JC,„ ^qn 


(T^qoTiVv) 


^qo 


These equations imply that the differential of the map Ni B x Wx & W [fqg) at 
a; = xo is equal to the weight (which we abbreviate as) 

Vx{b) = -2Im [ 

Jb ^qo 

The weight 14 is invariant under the action of covering transformation rg of Mqg —>■ 
Mqg on fqg , because for any branch b of fqg , the orientation of rg (b) is opposite to 
the orientation induced from b. Thus, 14 descends to a weight pt{Vv) on Tqg. 
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Let V'o = {Jxo)*[^]- For all t/j € C Tq„Qg,mj we define w(i/’) G W{fqq) by 

( 7^90 )*(V’) 


w('0)(6) = Im 


2wo 


Then, we have h*[-0] = p^:{w{'ip)) (cf. [6l Proof of Theorem 5.8]). By the definition 
of Jaioi h o Jxa{x) = for all X G Ni. Hence, h*['0o] = P*{Vv) as elements of 

W{Tqq) = From (16.51) and [6] (5.4)], the following holds for all '0 G Qxq- 


Im 


/ 

JMa 


000 1 T 

= — im 
2 


(7r9o)*(0o)(77,o)*(0) 


4|go| 




4\u;q 


1 


= ^UJTh (Vy , W(0))- 


= -2 


/. 




2uJa 


2lOo 


= —Re 


/. 


{'^qoYijnv) ^ (7rgo)*(0) 


2wo 


2LOa 


= — 2Im 


{'^qo)*{'nv){T^qoY{Y) 




4|w,J2 


= —Im 


f 

kol 


Therefore, we have {Jxa)*Y] = 0o = —^"nv- 


□ 


7. Appendix 

7.1. Alternative approach to Gardiner’s formula. Applying our method in 
Theorem 01 one can also get an alternative proof of Gardiner’s formula for the 
derivative of extremal length in some case. Indeed, this is the case where we need 
in the proof of Theorem 11.11 

Let F G MF and xq = {M,f) G Tg,m- Suppose that the Hubbard-Masur 
differential go = <1f,xo is generic. Let v = [/i] and {gA}AeD as the proof of Theorem 
15.11 Suppose xx = 7r(qx) varies holomorphically. By applying the discussion in the 
proof of Theorem EH from Lemma l4.11 we have 



because M = Mq^ by definition. 

7.2. Examples. In this section, we treat the exceptional cases in the proofs of 
pluriharmonicity in the previous sections. 
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7.2.1. Levi forms for the ease of flat tori. We start to consider the Levi forms of 
extremal length functions on the Teichmiiller space of flat tori (once punctured tori), 
and check our formula in Theorem 15.11 also valid in this case. This case is excluded 
from our assumption in the theorem. However, this is a motivated example of our 
result. 

The Teichmiiller space of a flat torus is identified with the upper half plane H. 
A point r € HI corresponds to a marked Riemann surface Mr which is defined as 
the quotient space of C by a lattice generated by z + 1 and z -\-t. Notice that the 
space VM-T = of projective measured foliations on Mi {i = \/^ G H) 

is identified with the projective space = {[x: y] \ {x,y) ^ (0,0)}. A point 
[x\ y] G KP^ corresponds to a measured foliation whose leaves are parallel to the 
line of direction x + yi. 

Let a be a closed curve on Mi corresponding to [1:0] G VMT. Then, the 
Jenkins-Strebel differential q^^r on Mr for a and the extremal length function of a 
at Mr are obtained as 


Qoi,T — 


Im(7 


rdz^ 


Extr(Q;) 


1 

lm(T) 


Fix To € H. For V G C, let v be the tangent vector at tq corresponding to the 
infinitesimal quasiconformal deformation from Mrg to Mr^+w as A —>■ 0. The Levi 
form (Laplacian) of the extremal length function is 


(7.1) 


£(Fxt.(a))[z;, v] 




dXdX 


—FxtTp-i-^y (A) 


A=0 


2Im(To)3 


The Beltrami differential /i(A) of the quasiconformal deformation from Mr^ to 
Mrg+xv behaves 


y{X) 


A • /i + o(|A|) = A • 


iV dz 
2Im(To) dz 


+ o(|A|) 


as t > 0. By definition, v = [fl\. We define a holomorphic quadratic differential r]y 
on Mro by 


iV 

This differential satisfies that 

{v,i}) = [ 

JMrg J Mr^ 19a, TO I 

for all holomorphic quadratic differential on Mrg ■ Therefore, the right-hand side 
of the formula in Theorem IS.ll is equal to 


2 / ^ 

J Mr^ ka.Tol 


2Im(ro)3’ 


which coincides with the right-hand side of dm). 

Let F be a measured foliation corresponding to [a: 6] £ VM-T with 6^0. We 
normalize F with i{a,F) = 1. Then the Hubbard-Masur differential qp.r on Mr 
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and the extremal length function for F are 

(a + 

6^Im(T)^ 


<?F,t = 


dz^ 


Ext^(i^) = 


■fcrp 


62lni(r) 

Let V be the tangent vector at tq corresponding to /i = 2i,^to) S' Then, 


(7.3) 


£(Ext.(a))[u, u] = 


^2 


:Extro+Av(A) 


dXdX 

In this case, the differential rjy € Qr^ is 

i\a + brol'^V 


bTo\" 


(7.4) 

and hence 


Vv = 


262lm(To)^ 


A=0 


dz'^. 


2&2lni(To)^ 


|E|2 


|77„|2 \a + bTo\ 


\qF,To\ 262lm(ro)3 
which coincides with the right-hand side of (Tzia . 




7.2.2. The gemetric interpretation ofpv for the case of tori. We check Theorem l6.ll 
in the case of flat tori (once punctured tori). We use the notation defined in 97.2.11 
frequently. 

Eirst we consider the case a = [1: 0]. Fix tq G H. Since the projective class of 
the horizontal foliation of qa^r corresponds to a projective class [—Re(r): 1] G 
the underlying foliation of the horizontal foliation Jto{t) is foliated by the lines 
(leaves) directed to — (Re(r)) -I-tq. Since the horizontal foliations of ^^nd 

are same. 


/ |Im\/jr^l = *(h(Jro(T)),a) = i(h((3'«,.r),a) = / |Iniy^| 

J a J ot 


holds. Therefore, we can check that 


Tro(F) 


/ -Re(r) -bTo \ 
Vlm(T)Im(ro)/ 


2 

dz"^ G Qra 


for r € H. Let v = [/i] be a tangent vector at tq, where /i = 2 im'fro) S V G £■ 
as 97.2.11 Then, from the above calculation, we obtain 


{Jtq)* ['I'] 


iV 

Im(ro)3 


dz^ G Qry. 


Comparing with (17.21) . we get (Jto)*^] = as we appeared in Theorem 16.11 

Let F G VAiF be a measured foliation corresponding to [a: b] G VMF with 
6^0 and i{a,F) = 1. Then, the underlying foliation of the horizontal foliation of 
qp.T is foliated by the lines of direction [aRe(r) -|- 6 |t|2 : a + 6Re(T)]. By the similar 
argument as above, one can check that 


Jroir) 


(Tro)*M 


— (aRe(T) -I- 6 |t| 2) -|- (a -I- 6Re(r))ro 
6Im(r)Im(To) 


/ i|o-bbro|2l/ \ 

'v 62lm(ro)3 J 


dz^ G Qro- 


2 

dz^ 
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From (EH), we also have (-/ro)*H = —^Vv- 

7.2.3. A comment on the case of 3g — 3 m = 1. The case of once punctured tori 
is treated in the same way as that in the case of fiat tori. Indeed, the canonical 
completion at the puncture gives an isomorphism between the Teichmiiller space of 
once punctured tori and that of fiat tori. The extremal length functions in the both 
spaces are identified under the isomorphism. The case of fours punctured sphere is 
treated in the similar way. 
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